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Abstract

Fission gas release and gaseous swelling in nuclear fuel are driven by the trans-
port of fission gas from within the fuel grains to grain boundaries (intra-granular
fission gas release). The process involves gas atom diffusion in conjunction with
trapping in and resolution from intra-granular bubbles, and is described math-
ematically by a system of two partial differential equations (PDE). Under the
assumption of equilibrium between trapping and resolution (quasi-stationary
approximation) the system can be reduced to a single diffusion equation with
an effective diffusion coefficient. Numerical solutions used in engineering fuel
performance calculations invariably rely on this simplification. First, we in-
vestigate the validity of the quasi-stationary approximation compared to the
solution of the general system of PDEs. Results demonstrate that the approxi-
mation is valid under most conditions of practical interest, but is inadequate to
describe intra-granular fission gas release during rapid transients to relatively

high temperatures such as postulated reactivity-initiated accidents (RIA). Then,
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we develop a novel numerical algorithm for the solution of the general PDE sys-
tem in time-varying conditions. We verify the PolyPole-2 algorithm against a
reference finite difference solution for a large number of randomly generated
operation histories including prototypical RIA transients. Results demonstrate
that PolyPole-2 captures the solution of the general system with a high accu-
racy and a low computational cost. The PolyPole-2 algorithm overcomes the
quasi-stationary approximation and the concept of an effective diffusion coeffi-
cient for the solution of the intra-granular fission gas release problem in nuclear
fuel analysis.

Keywords: Fission gas, diffusion, trapping, resolution, nuclear fuel modeling,
intra-granular fission gas release, quasi-stationary approximation, effective

diffusion coefficient, numerical algorithms, modal methods, PolyPole.

1. Introduction

The behavior of the fission gases xenon and krypton in oxide nuclear fuel
significantly affects the fuel rod thermo-mechanical performance in the reactor.
Fission gas retention in the form of bubbles leads to fuel swelling which promotes
pellet-cladding mechanical interaction (PCMI), and the concomitant fission gas
release (FGR) to the fuel rod free volume increases the rod internal pressure.
Moreover, gas release and precipitation in bubbles affect the thermal conduc-
tance of the fuel-cladding gap and the fuel thermal conductivity, respectively.
Also, beyond a certain burnup the fuel swelling rate increases due to the build-up
of gaseous porosity associated with the formation of the sub-micrometric-grain,
high burn-up structure (HBS) in both UO; [1-5] and MOX [6-9]. Ultimately,
the increased fuel gaseous swelling can severely impact the fuel-cladding con-
tact pressure during PCMI [6,8,10-13]. In particular, PCMI is associated with
potential safety margin reduction for cladding failure during reactivity-initiated
accidents (RIA) in light water reactors [13,14]. Furthermore, considerable FGR
has been observed in RIA simulation tests, which would increase cladding load-

ing and the risk of creep-induced cladding rupture by ballooning [6,15].



It follows that accurate models of fission gas swelling and release need
to be incorporated in fuel performance codes. In particular, ability to cap-
ture peculiarities of fission gas behavior in high-burnup fuel and during rapid
power/temperature transients is a requisite in order to evaluate fuel performance
during postulated RIA accidents. However, whilst the fission gas behavior in
fuel for moderate burnups is fairly well characterised and such understanding
is reflected in many models (e.g., [16-23]), modeling of fission gas behavior in
high burnup fuel and during transients is still an open issue [3,24-29).

The first and basic stage of FGR and gaseous swelling is gas atom transport
from within the grains to grain boundaries (intra-granular fission gas release).
This involves thermal and irradiation-enhanced lattice diffusion of single gas
atoms in conjunction with trapping in and irradiation-induced resolution from
intra-granular bubbles [18,30-35]. The problem is described mathematically by
a system of two coupled partial differential equations (PDE), with one equation
for the concentration of single gas atoms and one for the gas balance in the
bubbles.

The numerical solution of the intra-granular fission gas release problem in
time-varying conditions has an enormous practical importance in fuel modeling.
In particular, in this work we deal with applications to engineering fuel perfor-
mance modeling, i.e., the thermo-mechanical analysis of the fuel elements using
integral fuel performance codes [36]. In this area of application, the fission gas
behavior model is a component of a broader analysis. Also, because of the time
and spatial discretization of the problem and the non-linearities involved, an
integral fuel performance calculation for a detailed fuel rod irradiation history
comprises a very high number of calls of each local model, including the fission
gas behavior model. It follows that the numerical solution of the intra-granular
fission gas release problem in models applied in integral codes must be compu-
tationally efficient, while still guaranteeing a suitable accuracy. Of course, the
numerical solution may be obtained using standard space-discretization methods
such as finite difference schemes. However, the associated high computational

cost makes standard solution techniques impractical for application in integral



fuel performance codes [32,37].

Speight [30] derived the concept of an effective diffusion coefficient embody-
ing the effects of trapping and resolution, which reduces the problem of intra-
granular fission gas release to a single diffusion equation. Such a simplified
formulation can be applied to time-varying conditions under the assumption
of instantaneous equilibrium between trapping and resolution (quasi-stationary
approximation). Numerical algorithms have been developed in the past that
provide solutions of the simplified problem at high speed of computation for ap-
plication in engineering calculations [17,37—44]. In this connection, the authors
recently developed an improved numerical algorithm called PolyPole-1 [45].
Speight’s simplified formulation is generally adopted for models employed in
integral fuel performance codes (e.g., [46-50]). To the best of the authors’
knowledge, no numerical algorithm has been developed yet that is able to solve
the general system of PDEs at low computational cost. The development of such
an algorithm is an open issue and simply prevents the inclusion of generally valid
fission gas behavior models in integral codes [32,51].

In this paper, first, we investigate the validity of the quasi-stationary approx-
imation by comparison to the solution of the general system of PDEs. Then,
we develop a novel algorithm to numerically solve the general system of PDEs
at low computational cost. The new algorithm extends the PolyPole-1 concept,
and is called PolyPole-2.

The outline of the paper is as follows. In Section 2, we discuss the mathe-
matical formulation of the intra-granular fission gas release problem. In Section
3, we investigate the validity of the quasi-stationary approximation relative to
the system of coupled PDEs that is the general formulation of the problem. In
Section 4, we present the concept of the PolyPole-2 algorithm for the effective
solution of the general system of PDEs. In Section 5, we verify the PolyPole-2
algorithm through comparisons to accurate finite-difference reference solutions
for a large number of randomly generated operation histories covering both op-
erational conditions and postulated RIAs. Conclusions are drawn in Section

6.



2. Mathematical problem

The problem of intra-granular fission gas release can be stated mathemati-

cally with the following system of PDEs (e.g., [18,30])

% = DV?c—ge+bm+
(1)

S5 = tgc - bm
where ¢ (at-m™3) is the concentration of single gas atoms dissolved in the lat-
tice, m (at-m~3) the concentration of gas atoms in intra-granular bubbles, ¢
(s) the time, D (m2s~!) the single gas atom diffusion coefficient, g (s~1) the
trapping rate of gas atoms at bubbles, b (s7!) the rate of irradiation-induced
gas atom resolution from bubbles back into the lattice, and 3 (at-m~3s~1!) the

gas generation term.!

L An empirical expression for the diffusion coefficient, D, due to Turnbull et al. [35] is
D =Dy + D2
D1 =7.6x 107" exp (- 4.86 x 1071 /(kT)) (2)
Dy =1.41x1072° VF exp (— 1.91 x 10719 /(kT))

where D7 (m2s~1) represents intrinsic thermal diffusion, D2 (m2s~1) represents irradiation-
enhanced diffusion, F' (m~3s~1) is the fission rate and k& (JK~1!) the Boltzmann constant.
Based on Ham’s [52] theory for diffusion-limited precipitation at spherical particles, the trap-

ping rate, g, can be calculated as
g =47rDRN (3)

where R (m) the mean radius of intra-granular bubbles and N (m™2) the bubble number
density. Various theories have been proposed for the mechanisms of resolution [18,53-56].
An expression often adopted for the resolution rate, b, is the one from [18], which is a slight

modification of Turnbull’s [55]
b=3.03Fnrl; (R+ Zo)* (4)

where Iy (m) the length of a fission fragment track and Zo (m) the radius of influence of a

fission fragment track. The generation rate of fission gas is calculated as

B=YF (5)
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Intra-granular bubbles, m

Figure 1: Sketch representing the mechanisms involved in intra-granular fission gas

release.

Egs. 1 represent the intra-granular fission gas release problem as gas atom
diffusion (term DV?¢) in conjunction with trapping (gc) in and resolution (bm)
from intra-granular bubbles. The second of Eqgs. 1 represents the balance of
the gas in bubbles. Single gas atom diffusion is responsible for gas transport to
grain boundaries (intra-granular fission gas release). The processes described
by Eqs. 1 are represented in Fig. 1.

Note that more detailed formulations of the problem are possible that include
terms of bubble mobility (e.g., [22,57,58]), bubble nucleation (e.g., [22,59]), up
to cluster dynamics models that track the full distribution of bubble sizes and
potentially also consider interactions between species (atom trapping to bubbles
but also bubble to bubble interactions, i.e., coalescence) as well as Brownian and
drift diffusion of each species (e.g., [60]). Cluster dynamics models can be used
to inform reduced-parameter engineering models (such as Eqs. 1). Indeed, they
require dedicated codes and high performance computing power. In this work,

we consider the formulation of the intra-granular fission gas release problem

where Y (/) is the total yield of fission gas atoms. Hence, in general, the parameters of Egs. 1
vary in time as temperature and power (fission rate) vary during irradiation. In particular, D
and g present rapid variations during transients owing to to their exponential dependence on

the temperature.



expressed by Eqgs. (1). This is the simplest form that includes explicitly the
effects of trapping and resolution, whose consideration is the main focus of the
present work. Extension of the work to more complex formulations is of interest
in perspective.

A further assumption that is generally adopted is that of spherical grain
geometry. The analytic modal solution of Egs. 1 in spherical geometry for

constant conditions (i.e., constant D, g, b, §) is

() = 7w 3 20 [A, exp(—pat) + B exp(—aut) + Cs]

m(rt) = 7 3 SO 4] exp(—pat) + B, exp(—gut) + O]

(6)

where a is the radius of the spherical grain, n is the mode index, A, are the
eigenvalues of the radial part of the spherical Laplacian with Dirichlet boundary
condition (¢,m)(r = a,t) = 0 and symmetry condition d(¢,m)/0r|.—o = 0, p,
and ¢, are the poles of the solution and A, B, C are the time coefficients.
The complete derivation of Egs. 6 and the expressions for the poles and time
coefficients are provided in Appendix A. In realistic problems, the parameters
in Egs. 1 vary in time (foonote 1), so that this solution is not directly applicable
to fuel performance calculations. Hence the need for algorithms to numerically
solve the mathematical problem for time-varying conditions.

Speight [30] derived the analytic modal solution of Egs. 1 in spherical ge-
ometry for constant conditions and with zero initial conditions for ¢ and m.
He then simplified the solution assuming that the rates of trapping and resolu-
tion are high compared to the rate of diffusion to grain boundaries. Under this
assumption, the condition of equilibrium between trapping and resolution, or

stationary condition,

om
E——I—gc—bm—o (7)

is reached rapidly compared to the time scale of diffusion. Eq. 7 corresponds

to the concentrations ¢ and m having reached an equilibrium ratio ¢/m =



b/g. Speight showed that the fractional gas release to the grain boundaries
under the above assumption is analogous to the expression derived previously
by Booth [61] for diffusion in the absence of trapping/resolution, but with the
gas atom diffusion coefficient, D, substituted by an effective diffusion coefficient,
Dess = b/(b+ g) D. The correction of the diffusion coefficient accounts for the
reduced apparent diffusion as part of the gas is trapped into immobile bubbles.

Intuitively, if g and b are constant and if gas diffusion to the grain boundaries
is neglected (which is a condition approached if diffusion is slow compared to
trapping and resolution), after sufficient time the gas concentrations m and ¢
will approach an equilibrium ratio (Eq. 7). White and Tucker [18] noted that
combining Egs. 1 and 7, and writing the total gas concentration as ¢; = ¢+ m,

Egs. 1 can be directly reduced to

Oc
S = DersV2ei+ 8 (®)

which is the equation for pure diffusion with the effective diffusion coefficient
of Speight (and referred to as Speight’s formulation henceforth). A detailed
derivation of Speight’s formulation is given in Appendix B.

The so-called quasi-stationary approximation applies to time-varying condi-
tions and refers to considering that m evolves with a succession of equilibrium
states so that the condition expressed by Eq. 7 is verified at any time. This as-
sumption implies that Eq. 8 is valid for time-varying conditions as well. Thus,
the quasi-stationary approximation is effectively an extension of Speight’s con-
cept to time-varying conditions. However, the quasi-stationary approximation
and Speight’s formulation are generally referred to alike in the literature. In the
remainder of the paper, we also refer to them alike for practical reasons.

Note that derivation of Eq. 8 requires the additional assumption that param-
eters b and g are uniform in space across the domain (grain). Veshchunov and
Tarasov [51] noted that because the trapping rate, g, depends linearly on the
concentration ¢ of dissolved gas (foonote 1), this latter assumption is effectively
an inconsistency as it implies that ¢(r) is uniform in space (¢ being subject to

Fickian diffusion, it cannot be considered as uniform in general).



Efficient numerical algorithms for the solution of Eq. 8, in time-varying con-
ditions have been developed (see, e.g., [37,41,45]). Accordingly, this simplified
formulation is universally adopted for models employed in integral fuel perfor-
mance codes (e.g., [46-50]). To the best of the authors’ knowledge, no algo-
rithms for the solution of the general system, Egs. 1, efficient enough to be used

effectively in integral codes are available [32,45].

3. Validity of the quasi-stationary approximation

The concept of the quasi-stationary approximation is illustrated in graphical
form in Fig. 2. The general problem, expressed by Egs. 1 and represented in
Fig. 2a, explicitly describes the time evolution of both concentrations of gas
atoms in solution (¢) and in bubbles (m) with two differential equations. Both
the diffusion and trapping/resolution components are explicitly included and
act simultaneously in affecting the gas concentrations. Diffusion only affects
the concentration ¢ (in consequence of the hypothesis of immobile bubbles)
while trapping/resolution affect both ¢ and m. Because trapping and resolu-
tion counteract each other, the ratio of concentrations tends to an equilibrium

condition (Eq. 7). However, in the general non-stationary situation, the ratio of

(@) (b)

Figure 2: Graphical representation of (a) the general formulation of the intra-granular

fission gas release problem and (b) Speight’s formulation.



concentrations can depart from equilibrium. The system will be in such a non-
equilibrium condition following a change in the trapping and/or resolution rates
(g and b, respectively) so that the instantaneous ¢/m ratio no longer satisfies
Eq. 7 and concentrations move towards a new equilibrium. The time for this
transition is finite. During the non-equilibrium period, the diffusion operator
acts on a concentration ¢ # (b/g)m. Under the quasi-stationary approxima-
tion, ¢ and m are at the equilibrium ratio at any time. Hence, the fraction of
the total gas concentration affected by diffusion is at any time ¢ = b/(b+ g) ¢
(Eq. 8 and Fig. 2b). The idea of the quasi-stationary approach is that the tran-
sition between states of equilibrium is fast compared to diffusion, hence, the
assumption of instantaneous equilibrium does not lead to a significant error in
the calculated intra-granular fission gas release.

In his review of intra-granular fission gas behavior, Losonen [32] performed
an investigation of the validity of Speight’s formulation by solving the gen-
eral system, Egs. 1, using a finite-difference scheme and comparing results to
Speight’s solution. Considering a rectangular initial profile for the gas con-
centration and applying a sudden increase of the diffusion coeflicient at the
beginning of the calculation, he showed that during the subsequent time under
constant irradiation conditions, Speight’s solution significantly departed from
the solution of the general system. On this basis, he identified the adoption
of Speight’s formulation as a major weakness of fission gas models used in fuel
performance codes. However, in this study Losonen made an assumption of
constant gas concentration in bubbles, m (and constant bubble radius) when
applying Speight’s formulation. Indeed, the quasi-stationary approach rather
implies that m evolves with a succession of equilibrium states. This does not
imply by any means that m is constant over time but only that it adjusts in-
stantaneously to a change in the conditions so that equations can be decoupled.

Here, we perform another investigation of the validity of the quasi-stationary
approximation. We solve both the general system, Eqs. 1, and Speight’s for-
mulation, Eq. 8, using identical values for the parameters in either case. We

developed highly accurate finite difference (FD) algorithms for the numerical
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solution of both formulations with time-varying parameters. For more details
on the FD algorithms, see Section 5.1. For these calculations, the algorithms
have been coded in a stand-alone computer program. Although Speight’s for-
mulation turns out to be an excellent approximation of the general problem
for most situations of practical interest, as shown in Section 5.3, we found it
failing to describe transients to relatively high temperatures occurring at the
scale of milliseconds. In terms of reactor conditions of practical interest, these
correspond to postulated RIA transients. Hereafter, we demonstrate this cir-
cumstance for an exemplifying case. An extensive numerical experiment that
substantiates the conclusion is described in Section 5.2.

As a prototypical RIA transient, we consider the CABRI REP-Na 5 power
pulse experiment [6,62]. During the experiment, a UOs/Zircaloy-4 fuel rodlet
was transient-tested with a Gaussian-type power pulse. Full width at half maxi-
mum (FWHM) of the power pulse was 8.8 ms. The analysis considers a location
close to pellet periphery. Time-dependent specific power and temperature are
taken from [25] and are input for the analysis. Time-dependent parameters are
calculated as functions of power (fission rate) and temperature (see footnote 1
for dependencies). Using the aforementioned FD algorithms we solve the intra-
granular fission gas release problem over time for both Eq. 8, which implies the
quasi-stationary approximation, and the general problem, Eqgs. 1. We consider
a constant grain radius ¢ = 0.15 pm. This value is typical of UOy HBS and
smaller than typical grain radii in the regular fuel structure. (See Section 5.2
for an investigation of the effect of the grain size). The analysis is presented in
Fig. 3. The power pulse induces a rapid temperature transient that reaches a
temperature 7' > 2500 K over tens of milliseconds, and is followed by a cooling
transient that lasts a few hundreds of milliseconds (Fig. 3, top graph).

The heating transient leads to an increase in the gas atom diffusion co-
efficient, D (therefore, in the trapping parameter, g — see footnote 1). The
equilibrium ratio of concentrations, ¢/m = b/g, is correspondingly reduced.
Consequently, ¢ decreases in favor of m to restore equilibrium, by virtue of the

second of Egs. 1. As shown in Fig. 3 (second graph from top), the concentra-
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Figure 3: Power and temperature histories for the REP Na-5 power pulse test (top) and
calculation results. Both solutions for the general formulation and the quasi-stationary

approximation were obtained using accurate finite difference algorithms.

tion of single gas atoms, ¢, calculated under the quasi-stationary approximation

decreases to effectively zero during the heating transient and increases during

12



the cooling transient to follow the equilibrium curve. Because the trapping and
resolution rates are finite, there is actually a kinetic effect, with concentrations
departing from equilibrium. This behavior is captured by the solution of the
general system, which is also shown in the figure.

We define an equilibrium non-dimensional group, F, as

gc
E=,— (9)

During equilibrium between trapping and resolution, Eq. 7 is verified so that
E = 1. The departure of E from 1 gives a measure of the departure of the
system from equilibrium. As shown in Fig. 3 (third graph from top), the system
reaches £ > 10° during the transient considered here. It follows that under
the quasi-stationary approximation, diffusion acts on a concentration c that is
under-estimated during the non-equilibrium period following a heating transient
and consequently, intra-granular fission gas release is under-estimated. During a
rapid transient to high temperature, where departure from equilibrium is strong
and at the same time, the diffusion rate is high, the effect can be significant.
This is illustrated in the bottom plot of Fig. 3, showing that a significant intra-
granular fission gas release is calculated when solving the general system but is
almost completely neglected if the quasi-stationary approximation is applied.
Based on this study, we conclude that while the quasi-stationary approx-
imation holds for most situations of practical interest, for rapid transients to
high temperatures occurring at the scale of milliseconds, such as postulated RIA

transients, the approximation becomes inadequate.

4. PolyPole-2 algorithm

The authors previously presented the development of the PolyPole-1 algo-
rithm for the solution of Speight’s formulation (Eq. 8) in time-varying condi-
tions [45]. Here, we present a new numerical algorithm for the solution of the
general intra-granular fission gas release problem (Egs. 1) in time-varying con-
ditions. This new algorithm is effectively a generalization of PolyPole-1, and is

called PolyPole-2.
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Similar to PolyPole-1, the development of the new algorithm requires in the
first place knowledge of the analytic modal solution of the mathematical problem
in spherical geometry for constant conditions (i.e., constant parameters D, g, b,
B). Speight [30] derived the analytic modal solution of Eqs. 1 with zero initial
conditions for ¢ and m. The more general solution for nonzero initial conditions
is needed here, because the algorithm is applied at each time step in a fuel
performance calculation with the initial conditions being given at the beginning
of the time step. We derive the analytic modal solution of Egs. 1 in spherical
geometry for constant parameters and with nonzero initial conditions for ¢ and
m. The complete derivation is provided in Appendix A. The new numerical
algorithm is described hereafter.

We seek an approximate solution, for time-varying parameters, of Eqs. 1
re-written in vectorial form as

0
Frike (D+E)u+s (10)

where u = [c m] and s = [ 0] are vectors of the gas concentrations and the

source term, respectively. The diffusion D and exchange E operators are defined

as
DV? 0
D= (11)
0 0
—g +b
BE-| 7 (12)
+g —b

The boundary conditions of Eq. 10 are u(r = a,t) = 0 and du/dr|,.—o = 0.
The initial condition is u(r,t = 0) = ug(r) = [co(r) mo(r)].

Note that by replacing in Eq. 10 the diffusion-exchange operator (D + E) by
Db/(b+ g)V?, the source vector s by 3 and u by ¢; = ¢+ m, Eq. 10 reduces to
Eq. 8. The notation of Eq. 10 thus effectively reduces Egs. 1 to the same form
as Eq. 8. This highlights that the new PolyPole-2 algorithm for the solution
of Eq. 10 is a generalized case of the PolyPole-1 algorithm for the solution of
Eq. 8.

14



We seek an approximate solution u* of Eq. 10 for the case of time-varying
(D + E) and s. We make the ansatz that the solution can be approximated

with the following modal expansion
u(rt) m Y 2 (8)n(r) (13)
n=1

The time coefficients, 27 (¢), contain the information about the time dependence
of the approximate solution (i.e., the characteristic poles of the system). The
spatial modes of the approximate solution, 1, (r), are taken the same as the
spatial modes of the analytic solution for constant conditions (see Appendix A).

Another fundamental assumption of the PolyPole concept is that the time
coefficients of the approximate solution, z(t), may be expressed as the time
coefficients of the analytic solution for constant conditions, z,(¢) (Appendix A),
multiplied by an operator P,, that embodies the information on the deviation

from constant conditions. Thus, we write
2, (t) = Pran() (14)

The operator P, is applied to each mode of the solution. The formulation

for this operator is comprised of two distinct polynomials of order J

J ,
1+ Z pjdt] 0
P, = =t J (15)
0 1+ Z detj
j=1

This definition of P, is consistent with the polynomial correction factor
used in the PolyPole-1 algorithm [45]. In this way, the problem of finding an
approximate solution for time-varying conditions is shifted to the problem of
finding the coefficients of the polynomials in P,. To calculate the polynomial
coefficients, p; and g;, 2J equations are needed. This set of equations is obtained
by sampling the time-varying operators, D(t), E(¢) and S(¢), at J uniformly
distributed instants along the time-step dt. The sets of sampled values, DJj],
E[j] and S[j], contain the information on the variation of the operators along

the time step and are used to calculate the corrective polynomials, as follows.

15



The time coefficients z*(t) defined by Eq. 14 are assumed to satisfy Eq. 28
(Appendix A) at the sampling times t[j], ¢; < t[j] < t;4+1. In vector notation:

O(Pnzy)

ot = —An[j]Pn2n + (¥nlsj]) (16)

t[5]
where we applied the scalar product defined by Eq. 27 and A,, is an operator

defined as

Dn27?
+g —b
Ap=| @ 79 (17)
-9 +b

Eq. 16 defines a linear system of 2.J equations for the polynomial coefficients p;
and g;. The time coefficients of the analytic solution for constant conditions,
zn, are calculated through Eqgs. 31, with parameters taken as averages of the
sampled values A,[j] and S[j] along the time step.

The spatial modes, ¥,(r), are calculated as per Eq. 25. The PolyPole-
2 solution is then reconstructed as a linear combination of the spatial modes
with the corrected time coefficients, according to Eqs. 13 and 14. The series is
approximated by a finite number of terms (N, number of modes). The value of
N is determined based on a D’Alembert remainder criterion identical to that
used for PolyPole-1 [45].

Similar to PolyPole-1, the newly developed PolyPole-2 algorithm combines
the physical poles of the analytic solution and a polynomial correction to ac-
count for the time dependence of the coefficients. The idea behind the PolyPole
concept is that the spatial dependence of the solution for time-varying condi-
tions can be approximated by the spatial dependence of the solution for constant
conditions, which is known analytically. The deviation from constant conditions
is fully embodied in the time-dependent part of the solution and approximated
by the time coefficients of the solution for constant conditions multiplied by
an appropriate correction. Exploiting an analytic representation of the spatial
dependence avoids using spatial discretization and therefore allows for signif-
icantly lower computational time compared to spatial discretization methods
such as FD schemes. In view of this concept, the algorithm may be labeled as

semi-analytic.
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5. Verification

In this Section, we verify the PolyPole-2 solution against accurate reference
solutions for both RIA conditions and operational conditions through an exten-

sive numerical experiment.

5.1. Setup of the numerical experiment

The numerical experiment consists of the application of the PolyPole-2 al-
gorithm to the numerical solution of Egs. 1 for a large number of randomly
generated histories. The results from the PolyPole-2 algorithm are compared to
a high-accuracy finite-difference reference solution. This FD algorithm is fully
implicit first order in time and second order in space. An adaptive time step
control is included, based on the estimation of the second-order error calculated
as the difference between the explicit and implicit solutions [63].2 The adaptive
time stepping scheme ensures that the second-order error of the FD solution is
always lower than a prescribed tolerance. For this numerical experiment, we set
the tolerance of the reference FD algorithm to 1076. A more detailed descrip-
tion of the method is given in [45]. Note that relative to [45], we extended the
FD algorithm to the solution of Egs. 1.

For these calculations, the algorithms have been coded in a stand-alone com-
puter program. The random histories, both for RIAs and operational conditions,
are in terms of temperature and fission rate. From the input time-dependent
temperature and fission rate, the program calculates the time-dependent pa-
rameters® in the diffusion and exchange operators, D(¢) and E(t), and in the

source term, s (Section 4). Then, the program computes the solution of the

2The explicit scheme is applied at each time step with the only purpose of estimating the

second-order error. The reference solution is calculated by application of the implicit scheme.
3We use the expressions for the diffusion coefficient, D, by Turnbull et al. [35], the resolu-

tion rate, b, by White and Tucker [18], the trapping rate, g, by Ham [52], and a value of 0.3
for the total yield of fission gas atoms. See also footnote 1. For the purpose of this numerical

experiment, as long as values and dependencies are realistic, the specific choices are arbitrary.
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intra-granular fission gas release problem with both the reference FD and the
PolyPole-2 algorithms.*

The figure of merit chosen for the verification of the numerical solution is the
fractional intra-granular fission gas release at the end of each history, defined as

Ecreatad(tend) - E(tend) - m(tend)

Ecrecn‘/ed (tend)

f= (18)

where Cereated(tend) (at-m=3) is the integral of 8(¢) from 0 to the final time of

each random history, tenq.

5.2. RIA conditions

In order to verify the PolyPole-2 algorithm for RIA transients, we considered
500 histories randomly generated within a range of realistic RIA conditions.
Ranges were determined based on the sensitivity study from Jernkvist [64]. In

particular, the RIA random histories have the following characteristics:

e The FWHM of the power pulse, Tria, is a random variable, sampled uni-

formly in the range 20-60 ms.

e The total specific energy injected, Eria, is a random variable, sampled

uniformly in the range 400-800 J-(guo,) .

e The maximum specific power reached, Pria (W-g7!), is calculated as

PRIA == 625 . ERIA/TRIA [25]

e The power pulse shape is calculated according to the Nordheim-Fuchs

model [25].

e The initial temperature, Ty (K), is calculated as Ty = 883+ (5- 104 Erya +
0.7772) (uniform in the range 863-1039 K). This correlation is derived
from the results of the RIA sensitivity analysis from [64].

4For this numerical experiment, we use second-order corrective polynomials (i.e., J = 2 in

Eq. 15) in PolyPole-2. Also, we use a limiting value of 10~7 for the D’Alembert remainder.
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e The maximum temperature reached, Ty, (K) is calculated as Tpar =

2564 - (5- 107" ERia + 0.7772) (uniform in the range 2506-3017 K) [64].

e The maximum temperature is reached after 27grya. The temperature in-

crease in time is calculated based on the integral of the power pulse.
e The final time is fixed at 300 ms.

e The final temperature, Tr,4 (K), is calculated as Tp,q = 1227-(5:10~* Er1a +
0.7772) and is sampled uniformly in the range 1200-1444 K [64].

In addition, prior to the RIA transient a period of 100 hours at constant
temperature Tj is considered, in order to establish the condition of equilibrium
between trapping and re-solution before the transient begins.

In the study we also consider the effect of grain size. In particular we consider
two values for the grain radius, i.e., (1) a value of 5 um that is typical for the
regular structure of oxide fuel and (2) a value of 0.15 um that is representative
of the high burnup structure (e.g., [4,5]).> We divide the 500 random histories
for this numerical experiment into two subsets of 250 histories each. The two
subsets differ by the considered grain size. The value of the grain radius is time-
independent during the calculations. This is for simplicity and in order to isolate
the solution of the intra-granular fission gas release mathematical problem from
other effects such as grain growth or recrystallization. Note that the PolyPole
algorithms are also applicable to problems with time-varying grain size in fuel
performance calculations.

As for the initial conditions at the beginning of the simulation, for the cal-

culations with a grain radius of 5 um we consider an initial gas concentration

5In fact it remains to be ascertained whether the mechanisms of intra-granular FGR in the
HBS are analogous to the regular fuel structure. Some experiments indicated that the small
grains of the HBS in the examined samples were depleted of intra-granular defects and gas
bubbles [65], or that the density of intra-granular bubbles was much lower than that found in
the regular fuel structure [66]. However, other experiments demonstrated the presence of a
high density of intra-granular HBS bubbles [67]. This is worth further investigation in future
studies of fission gas behavior in the HBS.
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corresponding to the gas generated during an irradiation up to 50 GWd/t. All
gas is assumed to be stored in the grains initially. For the calculations with a
grain radius of 0.15 pum, the initial concentration is set to 10?¢ at-m~3, which
corresponds approximately to the asymptotic gas concentration achieved in the
HBS grains [68]. As for the gas distribution, for both sets of simulations we
consider 70% of the gas in solution and 30% in bubbles, initially [18]. For
equilibrium between trapping and resolution (Eq. 7), this corresponds to a ra-
tio b/(b+g) = 0.7, which is realistic for typical values of the resolution and
trapping rates.

The results of the numerical experiment are presented in Fig. 4 on a linear
scale. Each data point in this figure corresponds to one of the randomly gen-
erated operation histories and represents the intra-granular fission gas release
(Eq. 18) obtained with the PolyPole-2 algorithm versus the reference FD solu-
tion. The deviation from the 45° line is a measure of the accuracy of PolyPole-2.

Results appear to be distributed between two clusters of data points. The
higher intra-granular fission gas release results (5-15%, approximately) corre-
spond to the simulations with the smaller grain radius equal to 0.15 pm. With
a small grain radius diffusion to grain boundaries occurs at a higher rate (con-
sidering a pure diffusion problem as a first approximation, the diffusion rate is
~ D / a?), thus leading to higher intra-granular fission gas release compared to
behavior with larger grains. These results indicate that the PolyPole-2 and ref-
erence solutions are very close for all of the 250 random histories in this subset
of calculations. In Fig. 4, we also show the results from the FD solution of Eq. 8
(which implies the quasi-stationary approximation) for the same input histories.
Results demonstrate that the quasi-stationary approximation is inadequate to
describe the fast transients to relatively high temperatures (RIAs) considered
in this study. In particular, the approximation leads to a strong (nearly 100%)
under-prediction of the higher intra-granular fission gas release values.

Results are presented in Fig. 5 on a logarithmic scale. It is confirmed that
the PolyPole-2 algorithm calculates the solution of the general system of PDEs

with very good accuracy. Again, the clusters of data points at higher intra-
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Figure 4: Linear-scale comparison between intra-granular fission gas release calculated
by the PolyPole-2 algorithm and the reference FD algorithm for the general PDE
system. The corresponding FD solutions for the quasi-stationary approximation are
also included. Each data point corresponds to a calculation with randomly generated

RIA conditions.

granular fission gas release refer to the simulations with the smaller grain radius
of 0.15 um. It becomes apparent that also for the simulations with the larger
grain radius of 5 pm, results under the quasi-stationary approximation are sig-
nificantly under-predicted. However, intra-granular fission gas release for this
set of simulations is lower. This is due to a larger grain size which is associated
with a lower gas diffusion rate. In particular, values of ~0.1-0.3% are calcu-
lated, which are of the order of the total FGR during a typical base irradiation.
Note that the accuracy of the PolyPole-2 algorithm in this region can be fur-
ther improved by considering a higher number of modes in the series expansion,
i.e., by tightening the tolerance in the D’Alembert remainder criterion. Again,
under the quasi-stationary approximation intra-granular fission gas release is
effectively neglected.

Besides accuracy, speed of computation is an essential feature for an algo-
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Figure 5: Logarithmic-scale comparison between intra-granular fission gas release cal-
culated by the PolyPole-2 algorithm and the reference FD algorithm for the general
PDE system. The corresponding FD solutions for the quasi-stationary approxima-
tion are also included. Each data point corresponds to a calculation with randomly

generated RIA conditions.

rithm to be effectively employed in an integral fuel performance code. The com-
putational times (i.e., the time taken for each simulation) for the PolyPole-2 and
FD algorithms are compared in Fig. 6. The computational time associated with
the PolyPole-2 algorithm is approximately two orders of magnitude lower than

that associated with the FD algorithm. The computational time of PolyPole-2
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Figure 6: Comparison between the computational times associated with the FD and
PolyPole-2 algorithms for the solution of the general PDE system. Each data point

corresponds to a calculation with randomly generated RIA conditions.

is roughly two times higher than that of PolyPole-16, which in turn is in line
with state-of-the-art algorithm used in fuel performance codes, as demonstrated
in [45]. Such efficiency of computation, combined with the demonstrated accu-
racy, makes PolyPole-2 suitable for implementation in any fuel performance

code.

5.8. Operational conditions

The verification of the PolyPole-2 algorithm for RIA transients presented in
Section 5.2 confirms that PolyPole-2 provides an accurate solution for conditions
where solving the general PDE system to capture non-equilibrium behavior is
of significance compared to the quasi-stationary approximation. In this Section,

we verify PolyPole-2 also for operational conditions, where the quasi-stationary

6This appears consistent with the fact that a double amount of operations is required
for PolyPole-2 to solve the two-equation system relative to the single-equation solution of

PolyPole-1
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approximation is valid, in order to confirm its general applicability. The numer-
ical experiment for this comparison is comprised of 1000 randomly generated

operation histories with the following characteristics

e Each individual history is piecewise-linear with varying temperature and

fission rate.

e In each individual history, the following quantities are considered as ran-

dom variables (sampled from uniform distributions):

number of linear steps (1—50);

— time duration of each linear steps (0—1000 h);

temperature (300—2700 K);

— fission rate (0—3- 109 fiss m~3 s71).

Using accurate finite difference algorithms for both the quasi-stationary and
general formulations, we have separately verified that for these operational con-
ditions the difference between solutions obtained with the two formulations is
negligible and thus the quasi-stationary approximation is valid. The PolyPole-1
algorithm previously developed by the authors has been indipendently verified
to provide an accurate solution to the problem in this case [45]. Clearly, the
quasi-stationary approximation is a particular case of the general formulation
and under conditions where the approximation is valid, PolyPole-2 must closely
match the PolyPole-1 solution. The results of the numerical experiment are
presented in Fig. 7. Each data point in these figures corresponds to one of the
randomly generated operation histories and represents the intra-granular fission
gas release (Eq. 18) obtained with the PolyPole-2 algorithm versus the reference
(PolyPole-1) solution. Results indicate that the solutions are very close for all
of the 1000 random histories considered and therefore the PolyPole-2 solution

correctly reduces to the quasi-stationary solution for operational conditions.
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Figure 7: Comparison between the values of intra-granular fission gas release calculated
with the PolyPole-2 and the PolyPole-1 algorithms. Each data point corresponds to a

calculation with randomly generated operational conditions.

6. Conclusions

In this paper, first, we presented an investigation of the quasi-stationary
approximation adopted in the calculation of intra-granular fission gas release
in current fuel performance codes. Results demonstrated that the approxima-
tion is valid for most situations of practical interest, but is inadequate to model
intra~-granular fission gas release during rapid transients to relatively high tem-
peratures such as postulated RIA accidents. Second, to overcome the quasi-
stationary approximation, we developed a novel algorithm to numerically solve
the general system of coupled PDEs in time-varying conditions at low compu-
tational cost. This new algorithm, called PolyPole-2, is based on the analytic
modal solution of the PDE system for constant conditions, with the addition
of polynomial corrective terms that embody the information on the deviation
from constant conditions. We verified PolyPole-2 by comparing the results to a

reference finite difference solution over a large number of randomly generated op-
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eration histories, including postulated RIA transients. The results demonstrate
that PolyPole-2 solves the general PDE system with high accuracy in all consid-
ered situations. Also, computational times associated with PolyPole-2 are sub-
stantially lower than those of finite difference algorithms. Thus, PolyPole-2 can
be applied to any fuel performance code to accurately compute intra-granular
fission gas release during both operational conditions and fast transients.

The PolyPole-2 algorithm provides an accurate and computationally effi-
cient solution of the general problem of intra-granular fission gas release dur-
ing non-equilibrium trapping and resolution. Hence, it overcomes the quasi-
stationary approximation and the concept of an effective diffusion coefficient.
Currently, the PolyPole-2 algorithm is implemented in the BISON fuel perfor-
mance code [49,69] and is also available as a stand-alone program.

The concept of PolyPole-2 not only provides a means to solve the mathemat-
ical problem considered in this paper but more in general, opens the possibility
to calculate intra-granular fission gas release in fuel performance codes accord-
ing to systems of coupled PDEs. The algorithm can be adapted to solving more
general formulations, for instance, including terms for bubble motion and/or
nucleation. Although reducing these more general problems also to a single dif-
fusion equation with an effective diffusion coefficient may be possible for specific
cases (e.g., [68,70]), in general, coupled PDEs need to be considered explicitly.
Application of the concept to increasingly complex formulations is of interest in

perspective.
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Appendix A

Analytic solution of the general system of PDEs for constant condi-

tions

In this Appendix, we derive the analytic solution of Egs. 1 for constant
conditions and nonzero initial conditions. The considered mathematical problem
is

% = DV?c—gc+bm+pj

(19)

% = +gc — bm

where all symbols have been defined in Section 2.
We make the ansatz that c(r,t) and m(r,t) can be written as a linear com-

bination of spatial modes

c(rt) = 3 an(t)dn(r)
= (20)
mrt) = 3y (r)

>
Il
—

where 15 (1) are the spatial modes and xy(t) and yg(¢) are the time coefficients.
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Defining the vectors

u(r,t) = e(rt) (21)
m(r,t)
and
2t = | ®) (22)
Y (1)

Eq. 20 can be re-written in the form
u(r,t) = 2k (t)vu(r) (23)
k=1

which makes evident that we are assuming the same spatial modes for both ¢
and m. This vector notation is preferred in the rest of the manuscript (Section
4). In this Appendix, we adopt instead the notation of Eq. 20 for clarity.
Substituting Egs. 20 into Egs. 19 leads to
3 Ut = 3 [eDV — gty + bui] + 5

k=1 (24)

S 0% = 3 [+gzatr — byrt]
=1 =1

i

where time and space dependencies are omitted.

The spatial modes 1, (r) are chosen as the eigenfunctions of the radial part of
the spherical Laplacian, satisfying the Dirichlet boundary condition (¢, m)(r =
a,t) = 0 and the symmetry condition d(c,m)/dr|,—¢ = 0, i.e., the normalized
cardinal sines

1 sin(Mgr)

with the eigenvalues

b

Ak (26)

a

The eigenfunctions defined by Eq. 25 are orthonormal with respect to the

scalar product

<wn|wk> :A 47T7’2¢n7/}kd7‘ (27)
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Projecting Eqgs. 24 on the spatial modes according to Eq. 27 results in

% = —0pTn — 9Tn + byn + 577,
(28)

% = +gr, — by,

where 6, = Dn?r?/a® and 3, = (1,|8). This a set of two linear first or-

der differential equations. After defining the projected initial conditions as

(Zr.05 Yn.0) = (¥nl(co,mo)), Egs. 28 can be solved via Laplace transform

§Xp =Tpo — 0n Xy —gXp +0Y, + %
(29)
SYn = Yn,0 + an - an
where transformed variables are in capital letters. This algebraic system is
solved for

08”4 (02,0 + byn,o + Bn)s + bBn
s[s2+ (b+ g+ 6n)s + bdy)

X, =

_ yn,052 + (gxn,O + gyn,O)S + gﬁn
s[s2 4+ (b+ g+ dpn)s + bdy]

Y, (30)

The inverse transform of Eqgs. 29 gives the solution of Eqgs. 28 in the form
Zn(t) = Ay exp(—pnt) + B exp(—qnt) + Cp,

Yn(t) = A, exp(—pnt) + By, exp(—qnt) + C, (31)

The solution of Egs. 19 is obtained as linear combination of the spatial modes

(Eq. 25) and the time coefficients (Egs. 31)

Clrt) = =z 3 M0 Ay exp(—pat) + By exp(—aut) + o]
m(rt) = b 3 S0 (4 exp(—pat) + B} exp(~gat) + O]

(32)

which is the solution in spherical geometry for constant conditions of the general
system of PDEs for intra-granular fission gas release. The expressions for the

coeflicients and for the poles of Egs. 31 are given in Table 1.
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We define the spatially averaged concentrations in the grain as

foa 47r? (e(r,t), m(r,t)) dr

4.3
3Ta

(e(t), m(t)) =

(33)

Integrating Eqgs. 32 according to Eq. 33 we obtain the spatially averaged solution

2 0 _ _
o) = 885 [1+20 55 (bt explopa) + % 28 exn(-aut)

oo
ooy 3 b (-2 exp(—pat) + 222 exp(—qut)

=1
o0
+tmoy 3 om <—pnfqn exp(—pnt) + 52 exp(—qnt)>

Pn—A4n

oo
m(t) =it [+ 8 (e (o) + 2 on(-an) |

1
oo
oo 3 i (e oxp(—pat) — 5L exp(—gat) )

(34)

Appendix B

Derivation of Speight’s formulation

In this Appendix, we derive Speight’s formulation for the problem of intra-
granular fission gas release in presence of trapping and resolution. Following a
slightly different procedure than Speight’s [30], we demonstrate that the solu-
tion of the general problem (Appendix A) reduces to the solution of a single
diffusion equation with an effective diffusion coefficient (Eq. 8), under the same
assumptions applied by Speight. Note that, while Speight limited his derivation
to the case of zero initial conditions for the gas concentration, we deal with the
more general case of nonzero initial conditions.

Like Speight’s, our procedure is based on the analytic solution of the general
problem for constant conditions. We seek the solution in terms of the total

concentration of intra-granular gas, ¢; = ¢ + m. Also, we consider the spatially
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Table 1: Expressions for the coefficients and poles in the solution of the general system

of PDEs for constant conditions, Eq. 32.

Parameter Expression

Pn L[+ g+62) + B g+ 0,02 — 403,
an %[(b+g+5n) - \/(b+g+5n)274b($n}
Ay — [(b = Gn)Tn,0 + byno + 5= qn}

By, P [(b — Pn)n0 + byno + ?”pn}

o &

A, ﬁ[grn,,o+(9*qn+5 Yyno + 524q ]
B, — [gwn,o + (9 = P+ On)yno + 524 bpn}
& st

averaged concentrations in the grain. Summation of Eqs. 34 yields for the total

concentration

ci(t) = (e+m)(t) =

165aD b+ Z + 2 ni::l nl4 (ql? p[; —pnn + % e qn> eXp(—pnt)] +
i~
—i—% [ig nZ:: nl4 <pb" ql; (an + %Qn]ibpn exp(—qnt)] +
+c°% P % N pbn_—p;n o - o) ep(pat)+
+m°% 21 732 s L ot pi_q;) exp(—put)+
—i—mo% ni; 732 o E o + qi_—i:n> exp(—qnt)

(35)

In line with Speight, we apply the assumption that trapping and resolution
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act on a smaller time scale than diffusion, i.e., a fission gas atom will experience,
on average, many trapping and resolution events at bubbles before reaching the

grain boundary. This can be expressed as
b+g>>6, = Dn’n*/d’ (36)

Clearly, the hypothesis expressed by Eq. 36 holds only for modes n < ng, with
ng being a finite number. In the following, we derive the approximate solution
of the problem applying Eq. 36, then we show a posterior: that the formulation
holds with n < ng under a further hypothesis applied to time t. Such further
hypothesis also is analogous to that proposed by Speight.

Under the hypothesis expressed by Eq. 36, the expression for the poles g, of
the system (Table 1)

"= {(b+g+6n)\/(b+g+6n)24b5n} (37)

can be simplified as follows

qn**1 {(bﬂ]) (b+g)24b5n} —

2

1 4b6,,
=—(b+g)|1—,/1— 5

1 2b6,,
~ oo |1 (122 )| =
2 (b+g)

b
:7671

b+yg

Consider also the following approximations in the pre-exponential factors in
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b(—08,— (b
e (+g))
b—pn g  (bt+g) —(b+g)

. b + b—qn ~ b+g
Pn — 4n Pn — 4n b )
n

b b—pn —b+b— (b
Lo b (b+9)

- — b
Pn An dn Pn 5n _ (b + g)

b+g

L
l
o

~ +1

Substituting Eqs. 38 and 39 into Eq. 35, one gets

m 1 g
JJatbrg [y 90 & b, (40)
Lt I Zexp | ———
—1 n4 P b+g "
After successive terms in the summations, the exponentials assume a value

which is negligible with respect to unity for values of n > ng such that

Db 2,2
Sngt = Gt = 2"t 5 (41)

b+g a?(b+g)

and the hypothesis expressed by Eq. 36 becomes, by substitution,
bt >> 5 (42)

which is the time condition under which Eq. 36 holds, as also shown in [30].
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Under the condition expressed by Eq. 41, Eq. 40 becomes

_ 6 o 1 b

Ct(t) = Cto ﬁ n=1 ﬁ P (_Hgént) * 43

e[y g () )
15D b w4 = nt P b+g "

As demonstrated in [45], Eq. 43 can be obtained as the truncation of the

spatially averaged solution of the following equation

ocy b 9
— DV?c, + 44
ot b+g ce+ P (44)

Equation 44 can be written as

% = DegsVier+ (45)

which corresponds to Eq. 8. D.sy = b/(b+ g) D is the effective diffusion coeffi-
cient of Speight [30]. Hence, as previously demonstrated by Speight, under the
applied assumptions the problem of intra-granular fission gas release reduces to
an expression (Eq. 45) formally analogous to the formulation of Booth [61] for
the case of diffusion of single gas atoms in the absence of trapping and resolution,

with a reduced (effective) diffusion coefficient.
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